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USE OF THE CHARACTERISTIC X-RAY TEMPERATURE OF
VANADIUM FOR THE ESTIMATION OF INTERATOMIC

BONDS IN ITS CRYSTAL LATTICE

V.P. Mikhal'chenko, V.B. Lototskiy

ABSTRACT: A formula is given for calculating the intensity of elastic
and inelastic X-ray scattering in the crystal lattice of vanadium. Experi-
mental measurements and calculations based on this formula show that
the characteristic X-ray temperature of vanadium is practically insensi-
tive to interactions between remote atoms and to off-center interactions
in its crystal lattice.

Approximation of the vibrational spectrum of a crystal by a Debye parabola is some- /1,3004
times acceptable for estimating some of the dynamic characteristics of solids. This
means that for such estimates it is necessary to know a single parameter-the Debye
characteristic temperature _. The values of 0 can be determined from a whole series
of physical measurements: the specific heat&, the velocity of sound gs, the electrical
resistance R, the Mossbauer effect probability Lj i, the intensities of elastically or in-
elastically scattered x-rays Xx, the scattering of electrons ie or of thermal neutrons

'Small differences between the effective values of Le of a given crystal, determined
by these physical methods, are quite reasonable. These discrepancies are caused (in
addition to the different nature of the averagings) both by the selective sensitivity of the
corresponding physical properties of the crystal to the form of the spectral distribution
of vibrational frequencies (identical to the Debye model only at the lowest frequencies),
and also by the anharmonicism of the lattice vibrations.

Since the error, introduced in the concept of the Debye-Waller M factor with the
attractive feature of a one-parameter spectrum, is less than the errors introduced in
the concept of other physical properties of the crystal that depend explicitly or implicitly
on the spectrum [ 1], the quantity O'-X, associated with the M factor, has been interpreted
by many authors as a measure of the interatomic bonds in a lattice. This has been the
subject of discussions during the last fifteen years [2-9]. Without an elaborate analysis
of the different viewpoints, one can, however, proceed to the question of F/X as a meas-
ure of the interatomic bonds from a quantitative aspect.

Actually, up to the present time considerable information has been accumulated on
the phonon spectra of crystals of cubic as well as noncubic systems. This makes it
possible to calculate the value of 7X of a given crystal directly, taking into considera-
tion the actual and dele-d- frequen-c -distribu-tion--fuftii- -ns 'f-)o- f f-the-'normal vi--l
brations and, thus, to estimate the effect of different interactions in the lattice on the
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! quantity* X
_

Such a procedure for calculating Ix is performed in this paper for vanadium since
the phonon spectroscopy of this metal has been the subject of extensive theoretical and
experimental research (neutron diffraction as well as quite recent x-ray diffraction
studies [11]).

To calculate «x- for vanadium we used the f(w) function calculated theoretically with
the faid of the following models: 1) by the method of superposition of the Debye and Ein-
stein spectra [12] ; 2) the Born-Karman model, 'taking into consideration central inter-
action in the first two coordination spheres and off-center interaction of the nearest
neighbors [13]; 3) the Fine model [14]; 4) the Bhatia model [15]; 5) the De-Launay
model [16].

Besides the theoretically computed f (co) functions, we used the phonon spectra re-
constructed from neutron diffraction data, i. e., without any modeled concepts: 6) in ' .

[17]; 7) in [18]; 8) in [19], as well as the f (w) reconstructed from experimental data
on the one-phonon thermal diffuse scattering of x-rays in [11]; 9) with interactions up
to the seventh coordination sphere taken into consideration; 10) with "interplanar" inter-
actions (in addition to method 9) taken into consideration.

The values of wjoX were calculated from the formula

_ 0 2J w dt/ j(w) dw.

where h is Planck's constant, divided by 27r ° .

The calculations were performed by a numerical graphical method similar to that of
[20]. The graphical representation of the f (o) functions for methods 2-5 is obtained by
smoothing the corresponding f (w) histograms given in [21], and for method 1--by using
the vanadium elasticity constants determined by the ultrasonic pulse method in [22] .
The graphical representation of f (ac) for methods 6-8 is borrowed from [17-19], and /1301
for methods 9 and 10-from [11] . The results of the calculation of 0lX for 3000K by the
above-listed methods are presented below**. (For comparison we also give the values
of 07c and 0 7,from [20], as well as :O', calculated in [23] from the temperature de-
pendence of the elastic noncoherent scattering of neutrons by polycrystalline vanadium. )
The calculated results were as follows: 381 (method 1), 377 (method 2), 373 (method
3), 385 (method 4), 374 (method 5), 340 (method 6), 362 (method 7), 325 (method 8),
367 (method 9), 374 (method 10): sJ = 389; Tc = 425 and Wn = 366 (in °K).

*We identify the values of as those determined from elastically and inelastically 1
scattered x-ray data. A rigorous proof of this is given in [10]. 

I**ere eXi (i = 1, 2, ... , 10) means the value of 0x, calculated from the phonon
spectra by methods 1-10, respectively.
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It is seen from these data that the maximum difference between, OXi (i = 1-5) values
is only 130K. Bearing in mind the theoretical models of methods 1-5, one can state that
at least central interaction in the first and second coordination spheres has a significant
effect on the value of X.

The discrepancies between the values of 0ki (i = 6-8), where the maximum differ-
ence was A/XiX= 370 K, were somewhat unexpected. This means, first of all, that 0,X
is extremely sensitive to the shape of the phonon spectrum at low frequencies. In fact,
the presence of a well-pronounced maximum, caused (according to the interpretation of
[19] ) by the Cohen effect, at the lowest frequencies of f (o) drastically lowers the value
of ,0X8 compared to [0/X7, calculated from the f (c) reconstructed in [18], where this
maximum is not found. In addition, the high sensitivity of i O to the initial portion of
the spectrum is evident in the fact that even a small inaccuracy in the parabolic extrap-
olation from frequencies of the order of 0. 2cOmax to co = 0 for the function f(w), recon-
structed in [ 17], causes a difference $X7 X6 = 22°K, which was pointed out in our

paper* [20]. r-(X7 - -X6 - 0 K, which was pointed out in ourpe*/I[20] .
With respect to the values ;~X9 and 'Xlo, their difference ONX10 -i"Xk9 is 7°K, de-

spite the marked differences at high frequencies in the f (c) functions shown in Figs. 9
and 10 of [11]. ,It should be remembered here that in the method 1 model only central
interaction in the first and second coordination spheres is considered.

Thus, from an analysis of the data one can conclude that the X-ray characteristic
temperature 9, is practically insensitive to interactions with remote neighbors (third
nearest and more remote) and also to off-center interactions in the crystal lattice. At
the same time l)0x, being an overall, characteristic, isVa convenient parameter for the
estimation of bond tightness (VImn0,); at least for interactions between nearest and se
second nearest neighbors in the lattice of crystals with cubic symmetry.

An analogous approach to a discussion of OilX of noncubic crystals, although compli-
cated by the tensor nature of the Debye-Waller M factor, can be the subject of a separate
paper.

In conclusion it must be noted that all ten calculated values of 'uXi (as well as jn)
are systematically less than JY and ,., This agrees with the conclusions of [25, 26],
where it is shown that the inequality (.¥ < "fl s ~ l~s is a fairly universal property of
solids, if their atomic structure is taken into consideration.
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